The three-dimensional unsteady flow induced in a second-grade fluid over a stretching surface has been investigated. Nonlinear partial differential equations are reduced into a system of ordinary differential equations by using the similarity transformations. The homotopy analysis method (HAM) has been implemented for the series solutions. Graphs are displayed for the effects of different parameters on the velocity field.
Introduction
The advancements in the flows of non-Newtonian fluids have been significantly increased in spite of their numerous applications in various fields of science and engineering. Some applications include oil and gas well drilling, waste fluids, synthetic fibers, extrusion of molten plastic, flows of polymer solutions, polymer processing, food processing, and many others. Geophysical applications involve the ice and magma flows. Many materials such as drilling mud, clay coatings and suspensions, ketchup, toothpaste, certain oils and greases, polymer melts, clastomer, and many other emulsions have been treated as non-Newtonian fluids. The flows of such fluids are frequently encountered in biomechanics, geothermal engineering, insulation systems, ceramic processing, chromatography etc. Significant progress has been made for the flows of different viscoelastic fluids. Among these models of nonNewtonian fluids, there is a simplest subclass of viscoelastic fluids, namely the second-grade fluids. Fetecau et al. [1] presented the unsteady flow of a second grade fluid between two side walls perpendicular to a plate. Exact solutions of starting flows for a secondgrade fluid in a porous medium has been reported by Khan et al. [2] . Ariel [3] examined the axisymmetric flow of a second-grade fluid past a stretching sheet. Exact solutions for steady flows of second-grade fluids have been examined by Zhang et al. [4] . Cortell [5] discussed the magnetohydrodynamic (MHD) flow and mass transfer of an electrically conducting fluid of second-grade in a porous medium over a stretching sheet with chemically reactive species. Stagnation point flow of a second-grade fluid with slip is studied by Labropulu and Li [6] . Flow due to noncoaxial rotation of a porous disk and a second-grade fluid rotating at infinity has been reported by Erdogan and Imrak [7] . Hayat and Awais [8] discussed the simultaneous effect of heat and mass transfer along with Soret and Dufours effects in time-dependent flow of a second-grade fluid. Hayat et al. [9] further discussed the effect of thermal radiation on the flow of a second-grade fluid. Cortell [10] examined the viscous dissipation and thermal radiation effects on the flow and heat transfer of a power-law fluid past an infinite porous plate.
Ever since the pioneering work of Sakiadis [11, 12] , the steady two-dimensional stretching flows have been studied extensively in various ways. Such flows are vital in both viscous and non-Newtonian fluids. The specific applications of such flows include hot rolling, polymer extension, crystal growing, continuous stretching of hot films, metal spinning etc. The extensive available research on stretching flow deals with the mathematical analysis in two dimensions. However, very few researchers presented such flows in three dimensions. Ariel [13, 14] found the exact and homo-topy perturbation solutions of a viscous fluid for the three-dimensional flow over a stretched surface. The magnetohydrodynamic three-dimensional viscous flow over a porous stretching surface has been presented by Hayat and Javed [15] . Xu et al. [16] analyzed the series solutions of unsteady free convection flow in the stagnation-point region of a three-dimensional body. Hayat and Awais [17] studied the three-dimensional flow of a Maxwell fluid over a stretching surface.
The aim of this paper is to venture further in the regime of three-dimensional unsteady flows over a stretching surface. A simplest second-grade fluid model has been chosen because it has a rheology difference from the Newtonian model. The article has been arranged as follows. The mathematical formulation for the unsteady three-dimensional flow in a second-grade fluid has been given in Section 2. In Section 3, the homotopy analysis method (HAM) [18 -30] has been used to find the series solution. Sections 4 includes the convergence and graphical results. Final discussion of the obtained results has been presented in Section 5.
Problem Description
The unsteady three-dimensional flow of an incompressible second-grade fluid over a stretching surface is considered. The sheet coincides with the plane at z = 0, and the flow occupies the region z > 0. A nonconducting stretching surface generates the flow in the second-grade fluid. The Cauchy stress tensor T in an incompressible homogenous fluid of second-grade is related to the fluid motion in the following manner [1 -9] :
where p, I, µ, α i (i = 1, 2) are the pressure, identity tensor, dynamic viscosity, and material constants, respectively. The Rivlin-Ericksen tensors (A 1 and A 2 ) can be computed by the following relations:
Here ∇ is the gradient operator, V is the velocity field, and for thermodynamic second-grade fluid, we have
The basic equations governing the flow under consideration are
The velocity field for three-dimensional flow is chosen as
The scalar forms of (5) are
where T xx , T yy , and T zz are the normal stresses and T xy , T xz , T yx , T yz , T zx , and T zy are the shear stresses. We computed the values of these stress components through (1) -(3). Using these values of stress components and the boundary layer assumptions, we get
The subjected boundary conditions are given by
where u, v, and w are the velocities parallel to the x, y, and z-directions, respectively, ρ indicates the fluid density, µ the dynamic viscosity, α 1 the second-grade parameter, and a > 0, b > 0, and ct < 1 are the constants. We now define
All the quantities appearing in (11) - (13) have been computed by using the chain rule through (15) . It is noticed that (11) is identically satisfied and (12) and (13) become
Now the boundary conditions through (14) and (15) give
where A is the time-dependent parameter, α is the dimensionless second-grade parameter, and p is the stretching ratio defined as
Series Solutions

Zeroth-Order Deformation Problems
The velocity distributions f (η) and g(η) in the set of base functions
are given by
where the initial guesses are
The linear operators and their associated properties are
where C 1 −C 6 are constants and a k m,n and A k m,n are coefficients.
The problems corresponding to the zeroth-order deformation can be written as
Here h f and h g show the auxiliary non-zero parameters and p ∈ [0, 1] indicates an embedding parameter. We have for p = 0 and p = 1
and the initial guesses f 0 (η) and g 0 (η) approach to the final solutions f (η) and g(η) when p varies from 0 to 1. In view of Taylor's expression
the convergence of series (35) and (36) 
mth-Order Deformation Problems
The problems corresponding to the mth-order deformations are
Upon using Mathematica, the resulting problems for m = 1, 2, 3, . . . have been solved successfully. It is worth mentioning to point out that the present problem for A = 0 = α reduces to the problem of a viscous fluid. Exact numerical solution for this viscous fluid problem is computed by Ariel [13] . He employed the Ackroyd method for solving the arising mathematical problem. For details of this Ackroyd method one may consult [13] . The present attempt extends the analysis of Ariel [13] from viscous to second-grade fluid. The considered fluid model is prefered in the sense that it can easily describe the normal stress effects. This consideration hikes the order of the differential system. Further, the governing equations are more complicated and nonlinear. Such complexities appear due to viscoelastic properties of the second-grade fluid. Another difference occurs in the boundary conditions. Ariel [13] considered the steady case of stretching surface whereas unsteady stretched flow is taken into account in the present analysis. A recent and quite popular technique, namely the homotopy analysis method, is used for the solution of the highly nonlinear problem.
Convergence of the Series Solutions
It is noted that the convergence of the solution depends on h f and h g . Table 1 is presented to find the necessary order of approximation for a convergent solution. It is Table 2 . Illustrating the variation of − f (0) and −g (0) with p when A = 0 = α, using HAM, HPM (Ariel [13, 14] ), and the exact solution (Ariel [13, 14] ). [13, 14] Exact [13, 14] HAM HPM [13, 14] Exact [13, 14] noticed that 20th-order approximations are sufficient. Table 2 is displayed in order to provide a comparative study for a limiting case. The conclusions show that present results are in a very good agreement with the previous limiting results found by Ariel [13, 14] Fig. 1. h-curves of f and g for the 15th order of approximation. 
Results and Discussion
In this section the behaviour of certain parameters of interest on the velocity field has been analyzed. increasing behaviour of A on f and g for the threedimensional flow. From Figure 5 it is observed that similar result is obtained for axisymmetric flow.
The effects of the second-grade parameter α on f and g are displayed in Figures 6 -9 . Figure 6 elucidates that f and the associate boundary layer isan increasing function of α. Similar results are obtained from Figures 7 and 8 for the three-dimensional flow. Figure 9 represents increasing effects of α on f for the axisymmetric flow. Figure 10 illustrates the variation of p on f . This figure indicates that the veloc- ity field f and the boundary layer thickness decreases with an increase in p. Figure 11 analyzes the effects of p on g . This figure shows that the velocity component g increases with an increase in p.
